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ON CODIMENSION TWO R-CLOSED FOLIATIONS AND
GROUP-ACTIONS
TOMOO YOKOYAMA
Abstract. In this paper, we study R-closed foliations which are general-
ization of compact Hausdorff foliations. We show that the class space of a
codimension-two-like R-closed foliation F (resp. group-action) on a compact
connected manifold M is a surface with conners, which is a generalization of
the codimension two compact foliation cases, where the class space is a quotient
space M/ ∼ defined by x ∼ y if F(x) = F(y) (resp. O(x) = O(y)). Moreover,
a nontrivial R-closed flow on a connected compact 3-manifold is either “almost
two dimensional” or “almost one dimensional” or with “complicated” minimal
sets. In addition, a homeomorphism on a hyperbolic compact surface S is pe-
riodic if and only if it is R-closed (i.e. the orbit class space is Hausdorff). Each
minimal set of an R-closed non-minimal non-periodic toral homeomorphism is
a finite disjoint union of essential circloids.
1. Introduction
1.1. Foliations. Codimension one foliations on compact manifolds are well-studied.
For instance, it’s shown that a closed manifold M has a smooth codimension one
foliation if and only if the Euler characteristic of M is zero [31]. Moreover, all
leaves of a codimension one foliation without holonomy on a closed manifold are
pairwise homeomorphic [29]. Each codimension one foliation without holonomy on
a closed manifold is either compact or minimal, and the base manifold is a fibra-
tion over a circle S1 [32]. Since higher codimension foliations are more flexible
than codimension one foliations, most studies of higher codimension foliations are
restricted to some classes (e.g. compact foliations, compact Hausdorff foliations).
For instance, compact foliations are studied in [8, 10, 11, 12, 23, 35, 36, 38, 43] and
compact Hausdorff foliations are studied in [3, 7, 15, 16, 20, 26, 34]. In particular,
it’s known that the leaf space of a continuous codimension two compact foliation
F of a compact manifold M is a compact orbifold [8, 10, 11, 35, 38]. This implies
that each continuous codimension two compact foliation of a compact manifold is
R-closed (i.e. the leaf class space is Hausdorff). On the other hand, there are non-
R-closed compact foliations and non R-closed flows each of whose orbits is compact
for codimension q > 2 [30, 13, 37]. Note that the following properties are equivalent
for a flow (resp. a homeomorphism) on a compact metric space [9, 40]: 1) R-closed;
2) D-stable; 3) of characteristic 0; 4) weakly almost periodic; 5) Lyapunov stable.
In this paper, we study codimension two (resp. one) R-closed foliations, which are
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generalizations of codimension two (resp. one) compact foliations. To study R-
closed foliations, we generalize the characterization of Hausdorff-ness for a compact
foliation in [11] into one of R-closedness for a pointwise almost periodic decomposi-
tion F of a compact Hausdorff space X . Precisely, the following are equivalent: 1)
The decomposition Fˆ of closures of elements of F is upper semi-continuous; 2) The
class space X/Fˆ is Hausdorff; 3) The decomposition F is R-closed. Moreover, we
study codimension-one-like (resp. codimension-two-like) R-closed foliations. Using
the above characterization of R-closedness, for k = 2 (resp. k = 1), we show that
the leaf class space of a codimension-k-like R-closed foliation on a compact manifold
is a compact surface with conners (resp. [0, 1] or S1).
1.2. Group actions. In [1, 18], it is showed that each action of a finitely generated
group G on either a compact zero-dimensional space or a graph X is pointwise
recurrent if and only if it is R-closed (i.e. the orbit class space X/Gˆ is Hausdorff,
where the orbit class space X/Gˆ is a quotient space X/ ∼ defined by x ∼ y if
O(x) = O(y)). In this paper, we also study codimension two dynamical systems
(e.g. surface homeomorphisms, flows in 3-manifolds). We show that each minimal
set of an R-closed non-periodic toral homeomorphism f : T2 → T2 is either T2 or a
finite disjoint union of essential circloids. Moreover, a homeomorphism f : S → S
on a compact surface S whose orientable genus is more than one, is R-closed if and
only if it is periodic. For an R-closed flow v on a connected compact 3-manifold
M , one of the following statements holds: 1) The flow v is minimal or identical; 2)
The orbit class space M/vˆ is either [0, 1] or S1 and each interior point of M/vˆ is
two dimensional; 3) The set Per(v) of periodic points is open dense and the flow is
pointwise periodic (i.e. M = Sing(v)⊔Per(v), where ⊔ is the disjoint union symbol);
4) There is a two dimensional minimal set which is not a suspension of a circloid.
In [14], they have shown that if a continuous mapping f of a topological space X
in itself is pointwise recurrent (resp. pointwise almost periodic) then so is fk for
each positive integer k. This result also holds for group-action cases (see Theorem
2.24, 4.04, and 7.04 [17]). We show that an analogous result holds for R-closed
group-action. Indeed, a group acting on a compact Hausdorff locally connected
space is R-closed if and only if so is a finite index subgroup.
2. Preliminaries
2.1. Decompositions. By a decomposition, we mean a family F of pairwise dis-
joint nonempty subsets of a setX such thatX = ⊔F . Let F be a decomposition of a
topological spaceX . For any x ∈ X , denote by Lx or F(x) the element of F contain-
ing x. For a subset V of X , write the saturation F(V ) = SatF(V ) :=
⋃
x∈V F(x).
A subset A ⊆ X is saturated if A = F(A). The class Fˆ(x) of an element F(x) is
defined by Fˆ(x) := {y ∈ X | F(y) = F(x)}. Then the set Fˆ := {Fˆ(x) | x ∈ X} of
classes is a decomposition, called the class decomposition. Denote by X/Fˆ the quo-
tient space, called the class space. Note Fˆ(A) = Sat
Fˆ
(A) =
⋃
x∈A Fˆ(x) for a subset
A of X . Recall a point x in X is said to be of characteristic 0 [22] if Fˆ(x) = D(x)
for any x ∈ X , where D(x) is its (bilateral) prolongation defined as follows:
D(x) = {y ∈ X | yα ∈ F(xα), yα → y, and xα → x for some nets (yα), (xα) ⊆ X}.
The decomposition is said to be of characteristic 0 if so is each point of it. The
decomposition F is upper semicontinuous (usc) if each element of F is both closed
and compact and for any L ∈ F and for any open neighbourhood U of L there is a
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saturated neighbourhood of L contained in U , is R-closed if R := {(x, y) | y ∈ Lx}
is closed, and is pointwise almost periodic if the set of all closures of elements
of F also is a decomposition. An pointwise almost periodic decomposition F is
weakly almost periodic in the sense of Gottschalk W. H. if the saturation ∪x∈ALx
of closures of elements for any closed subset A of X is closed. Notice that if F is
pointwise almost periodic then Fˆ corresponds to the decomposition of closures of
elements of F .
2.2. Foliations, flows, and group-actions. By the definition of almost period-
icity, the set of compact foliations on compact manifolds is a proper subset of the
set of pointwise almost periodic foliations. In [40], the author has shown that the
set of compact Hausdorff foliations and of minimal foliations on compact manifolds
is a proper subset of the set of R-closed foliations. For a non-negative integer k, a
foliation F is said to be codimension-k-like if all but finitely many leaf classes of
F are codimension k closed submanifolds and the finite exceptions have codimen-
sions each of which is more than k. Note that the Anosov alternative for transitive
Anosov flows [27] implies that the (un)stable foliation of a non-mixing transitive
Anosov flow on a closed manifold is a codimension-one-like R-closed foliation. By a
group-action, we mean a continuous action of a topological group G on a topologi-
cal space X . For a group-action G, denote by FG the set of orbits of G. Recall a
group-action G is R-closed if the set FG of orbits is an R-closed decomposition. In
[40], we have shown that each R-closed decomposition is pointwise almost periodic.
Therefore G is R-closed if and only if R := {(x, y) | y ∈ G(x)} is closed. For a
non-negative integer k, a group-action G is said to be codimension-k-like if all but
finitely many orbit closures of FG are codimension k closed connected submanifolds
and the finite exceptions is connected subsets each of whose codimension is more
than k. By a flow, we mean a continuous R-action on a topological space X . For a
flow v on a smooth manifold M , denote by Fv the decomposition of M into orbits
of (the group-action generated by) v. The flow v is said to be R-closed if Fv is
R-closed. Note Fˆv = {Oˆv(x) | x ∈ M}, where the orbit class Oˆv(x) is the subset
consisting of elements whose orbit closures correspond to the orbit closure of x (i.e.
Oˆv(x) = {y ∈ M | Ov(x) = Ov(y)}). For an R-closed flow v, write M/vˆ := M/Fˆv,
called the orbit class space of v.
3. R-closedness and Upper semi continuity
First we show the following lemma.
Lemma 3.1. Let F be a decomposition of a Hausdorff space X. If F is pointwise
almost periodic and Fˆ is usc, then F is R-closed. If X is compact and F is R-
closed, then F is pointwise almost periodic and Fˆ is usc.
Proof. Suppose that F is pointwise almost periodic and that Fˆ is usc. By Proposi-
tion 1.2.1 [5] (p.13), we have that X/Fˆ is Hausdorff. By Lemma 2.3 [40], we obtain
that F is R-closed. Conversely, suppose that X is compact and F is R-closed. By
Lemma 1.6 [40], we have that F is pointwise almost periodic and that the quotient
map p : X → X/Fˆ is closed. Since X is compact Hausdorff, we obtain that each
element of Fˆ is compact. By Proposition 1.1.1 [5](p.8), we have that Fˆ is usc. 
Notice that the compact condition is necessary. Indeed, the R-closed decompo-
sition F = {X} for a non-compact Hausdorff space X is pointwise almost periodic
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but Fˆ = F is not usc. We show that each open F -saturated subset for a pointwise
almost periodic decomposition F on a Hausdorff space is Fˆ -saturated.
Lemma 3.2. Let F be a pointwise almost periodic decomposition of a topological
space. Then each open F-saturated subset is Fˆ-saturated.
Proof. Let U be an open F -saturated subset of a topological space X . Then the
complement X − U is a closed F -saturated subset of X and so the closure of
each element of F contained in X − U is contained in X − U . The pointwise
almost periodicity implies that X − U is closed Fˆ -saturated and so U is open
Fˆ -saturated. 
Using the previous lemma, we have the following statement.
Lemma 3.3. Let F be a pointwise almost periodic decomposition of a normal space
X. Suppose that, for any open neighbourhood W of each element L ∈ F , there is
an open saturated neighbourhood of L contained in W . Then X/Fˆ is Hausdorff.
Proof. Suppose that, for any open neighbourhood W of each element L ∈ F , there
is an open F -saturated neighbourhood of L contained in W . We claim that, for
any open neighbourhood U of each element Lˆ ∈ Fˆ , there is an open Fˆ -saturated
neighbourhood of Lˆ contained in U . Indeed, fix any open neighbourhood U of each
element Lˆ ∈ Fˆ . The hypothesis implies that, for any L′ ∈ F contained in Lˆ, since U
is also an open neighbourhood of L′, there is an open F -saturated neighbourhood
UL′ of L
′ contained in U . By Lemma 3.2, the union
⋃{UL′ | L′ ∈ F , L′ ⊆ Lˆ}
is desired. Fix any elements Lˆ 6= Lˆ′ ∈ Fˆ . Since X is normal, there are open
neighborhoods U0 (resp. V0) of Lˆ (resp. Lˆ
′ ) with U0 ∩V0 = ∅. By the claim, there
are open Fˆ -saturated neighborhoods U1 ⊆ U0 (resp. V1 ⊆ V0) of Lˆ (resp. Lˆ′) such
that U1 ∩ V1 = ∅. 
Notice that the converse is not true. Indeed, consider X = T2 = R/Z×R/Z, α ∈
R−Q, and homeomorphism f of X by f(x, y) := (x+α, y). Then the decomposition
Fv on T2 is R-closed. Then the saturation Satv(A) of A := {(x, y) | y ∈ [0, 1/2], x ∈
[1/2, 1/2+ y]} contains R/Z× (0, 1/2] and so the open neighborhood T2−A of the
orbit of 0 contains no saturated open neighborhood. Using the characterization of
usc decompositions on locally compact Hausdorff spaces (Remark after Theorem
4.1 [11]), we obtain the following key lemma.
Lemma 3.4. Let F be a pointwise almost periodic decomposition of a compact
Hausdorff space X. The following are equivalent:
1) F is R-closed.
2) Fˆ is usc.
3) X/Fˆ is Hausdorff.
4) The quotient map p : X → X/Fˆ is closed (i.e. F is weakly almost periodic).
5) For any open neighbourhood U of each element Lˆ ∈ Fˆ , there is an open Fˆ-
saturated neighbourhood of Lˆ contained in U .
6) F is of characteristic 0.
Proof. By Corollary 3.5 [40], the conditions 1) and 6) are equivalent. By Lemma
3.1, the conditions 1) and 2) are equivalent. By Remark after Theorem 4.1 [11],
the conditions 2), 3) and 4) are equivalent. Apply Lemma 3.3 to Fˆ , the condition
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5) implies 3). Finally, it suffices to show that the condition 5) can be obtained by
other conditions. Fix an open neighbourhood U of each element Lˆ ∈ Fˆ . By the
closedness of X − U , the condition 4) implies that Sat
Fˆ
(X − U) is closed. Since
Lˆ ∩ (X − U) = ∅, we have Lˆ ∩ Sat
Fˆ
(X − U) = ∅. Therefore the complement
X − Sat
Fˆ
(X − U) ⊆ U is a Fˆ -saturated open neighborhood of Lˆ. 
4. Inherited properties of R-closed group-actions
Recall that a subgroup H of a topological group G is syndetic if there is a
compact subset K of G such that K ·H = G.
Lemma 4.1. Let G be a group-action on a topological space X, H a syndetic
subgroup of G, and K ⊆ G a compact subset with K · H = G. If H is R-closed,
then so is G with G · x = K ·H · x for any x ∈ X.
Proof. For any group-action pi : G × Y → Y on a topological space Y , we claim
that K · C is closed for a closed subset C of Y . Indeed, fix a point x ∈ Y −K · C.
Then Y − C is an open neighborhood of K−1 · x and so pi−1(Y − C) is an open
neighborhood of K−1 × {x}. For any k ∈ K−1, there are neighborhoods Uk ⊆ Y ,
Vk ⊆ G of x, k respectively such that Vk×Uk ⊆ pi−1(Y −C). Since K−1 is compact,
there is a finite subset F of K−1 such that K−1 ⊆ ⋃k∈F Vk. Then U := ∩k∈FUk is
an open neighborhood of x with K−1 × U ⊆ ⋃k∈F Vk × Uk ⊆ pi−1(Y − C). Hence
K−1 ·U ⊆ Y −C. Therefore (K−1 ·U)∩C = ∅ and so U ∩ (K ·C) = ∅. This shows
that K · C is closed.
Let RG := {(x, y) | y ∈ G · x} and RH := {(x, y) | y ∈ H · x}. Suppose that
H is R-closed. Since g · (H · x) = g · H · x for any g ∈ G, we have K · (H · x) ⊇⋃
g∈K g · (H · x) = K ·H · x. SinceH · x is closed, the above claim impliesK ·H · x =
K ·H · x ⊇ K · (H · x) = G · x ⊇ K ·H · x and so K ·H · x = G · x. Consider an
action of G on X ×X by g · (x, y) := (x, g−1 · y). Then RG = K ·RH . Since RH is
closed, the above claim implies that RG = K · RH is closed. 
We generalize Lemma 1.1 [42] to group-actions. This statement is an analogous
result for recurrence and pointwise almost periodicity (see Theorem 2.24, 4.04, and
7.04 [17]).
Theorem 4.2. Let G be a group-action on a locally connected compact Hausdorff
space X and H a finite index subgroup. Then G is R-closed if and only if so is H.
Proof. By Lemma 4.1, the R-closedness of H implies one of G. Conversely, suppose
that G is R-closed. Put F := FG. By Corollary 1.4 [40], we have that G is pointwise
almost periodic. By Theorem 2.24 [17], we have that H is also pointwise almost
periodic. By Lemma 3.4, the decomposition Fˆ is usc and it suffices to show that
FˆH is usc. Fix any x ∈ X . Note that FH(x) ⊆ F(x) and so FˆH(x) ⊆ Fˆ(x). First
suppose that FˆH(x) = Fˆ(x). For any open neighbourhood U of Fˆ(x) = FˆH(x), the
upper semicontinuity of Fˆ implies that there is an Fˆ -saturated open neighbourhood
V of Fˆ(x) contained in U . Since FˆH(x) ⊆ Fˆ(x), we have that V is also an FˆH -
saturated open neighbourhood V of Fˆ(x). Second assume that Fˆ(x) 6= FˆH(x).
Fix an open neighborhood U0 of FˆH(x). Let K be a finite subset of G such that
G = H ⊔ (K ·H). Put Lˆ := FˆH(x) and K ′ := {k ∈ K | FˆH(k · x) ∩ FˆH(x) = ∅}.
Let Lˆ′ := FˆH(K ′ · x) be the saturation of K ′ · x. Since K ′ is finite, we obtain
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Lˆ′ = K ′ · Lˆ. Then Lˆ and Lˆ′ are closed. By Lemma 4.1, the pointwise almost
periodicity of H implies that Lˆ ⊔ Lˆ′ = Fˆ(x). Since X is normal, there are disjoint
open neighborhoods U,U ′ of L,L′ respectively such that U ⊆ U0. Since Fˆ is
usc, there are open subsets V ⊆ U , V ′ ⊆ U ′ such that V ⊔ V ′ is an Fˆ -saturated
neighborhood of Lˆ ⊔ Lˆ′. Since Fˆ(x) is compact and X is locally connected, there
are finitely many connected open subsets B1, . . . , Bk ⊆ V such that Bi ∩ Lˆ 6= ∅
and Lˆ ⊆ B1 ∪ · · · ∪ Bk ⊆ V . Put B := B1 ∪ · · · ∪ Bk. For any h ∈ H and
i = 1, . . . , k, the FˆH -saturated property of Lˆ = FˆH(x) implies that h · Bi ∩ Lˆ 6= ∅
and so h ·Bi ∩ V 6= ∅. The Fˆ-saturated property of V ⊔V ′ implies h ·Bi ⊆ V ⊔ V ′.
Since h ·Bi is connected and h ·Bi∩V 6= ∅, we obtain h ·Bi ⊆ V and so H ·B ⊆ V .
Since FˆH(B) ⊆ H ·B ⊆ U ⊆ U0, the neighborhood FˆH(B) of FˆH(x) is desired. 
The author would like to know wether the locally connectivity condition is nec-
essary or not, and wether the finite condition can be replaced by the syndetic
condition.
5. another inherited properties of R-closed group-actions
Let F (resp. G) be a decomposition of a topological space X (resp. Y ) and
f : X → Y a continuous mapping. We call that f is a semi-conjugacy from F
to G if f is surjective and the image of each element of F is an element of G (i.e.
f(F(x)) = G(f(x)) for any x ∈ X). Then F is said to be semi-conjugate to G. The
semi-conjugacy preserves pointwise almost periodicity.
Lemma 5.1. Let F be a decomposition of a compact space X, G a decomposition
of a Hausdorff space Y , and p : X → Y a semi-conjugacy from F to G. If F is
pointwise almost periodic, then so is G.
Proof. For any element L ∈ G, the surjectivity of p implies that there is an element
F ∈ F with f(F ) = L. Then f(F ) = L. Indeed, we have F ⊆ f−1(L) and so
f(F ) ⊆ L. Since X is compact, so is F . The Hausdorff property of Y implies
that the compact subset f(F ) is closed and so f(F ) ⊇ L. Suppose that there is an
element L ∈ G whose closure is not minimal. Then there is an element L0 ∈ G such
that L0 ( L. Fix an element F ∈ F with f(F ) = L. Since f(F ) = L, there is an
element F0 ∈ G such that F0 ⊂ F and f(F0) = L0. Since f(F0) = L0 ( L = f(F ),
we have F0 ( F . This contradict to the pointwise almost periodicity of F . Thus G
is pointwise almost periodic. 
We show that a semi-conjugacy from F to G implies the a semi-conjugacy from
Fˆ to Gˆ if the decompositions F and G are pointwise almost periodic.
Lemma 5.2. Let F (resp. G) be a pointwise almost periodic decomposition of a
compact Hausdorff space X (resp. Y ) and p : X → Y a semi-conjugacy from F to
G. Then p(Fˆ(A)) = Gˆ(p(A)) for any A ⊆ X.
Proof. Since Fˆ(A) = ⋃x∈A Fˆ(x), it suffices to show p(Fˆ(x)) = Gˆ(p(x)) for any
x ∈ X . Fix any point x ∈ X . First we show p(F(x)) = G(p(x)). Indeed, the
compactness of F(x) implies that p(F(x)) is compact and so closed. Therefore
p(F(x)) ⊇ p(F(x)) = G(p(x)). Conversely, since p(F(x)) = G(p(x)), we obtain
F(x) ⊆ p−1(G(p(x))) ⊆ p−1(G(p(x))) and so F(x) ⊆ p−1(G(p(x))). Therefore
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p(F(x)) ⊆ G(p(x)). The pointwise almost periodicity implies p(Fˆ(x)) = p(F(x)) =
G(p(x)) = Gˆ(p(x)). 
The semi-conjugacy preserves R-closedness.
Proposition 5.3. Let F (resp. G) be a decomposition of a compact Hausdorff
space X (resp. Y ). Suppose F is semi-conjugate to G. If F is R-closed, then so is
G.
Proof. Fix any closed subset K of Y . By Lemma 3.4, it suffices to show that the
saturation Gˆ(K) of Gˆ is closed. Let p : X → Y be a semi-conjugacy. Since p−1(K)
is closed, the R-closedness of F implies that Fˆ(p−1(K)) is closed and so compact,
because X is compact. By the surjectivity of p, we have p(p−1(K)) = K. The
semi-conjugacy implies that p(Fˆ(p−1(K))) = Gˆ(p(p−1(K))) = Gˆ(K) is compact
and so closed, because Y is Hausdorff. 
Consider group-actions to apply Lemma 5.2 and Proposition 5.3. Let G (resp.
H) be a group-action on a topological space X (resp. Y ) and p : X → Y a
continuous mapping. As circle homeomorphism cases, we call that p is a semi-
conjugacy if p is a surjection whose image of an orbit of G is an orbit of H (i.e.
p(G(x)) = H(p(x)) for any point x ∈ X). Then G is said to be semi-conjugate to
H . By Lemma 5.2 and Proposition 5.3, we have the following statement.
Corollary 5.4. Suppose a group-action G on a compact Hausdorff space X is semi-
conjugate to a group-action H on a compact Hausdorff space Y . If G is pointwise
almost periodic (resp. R-closed), then so is H.
We also state the inherited property for orientation double covers.
Proposition 5.5. Let G be a group-action on a non-orientable compact manifold
X and X˜ the orientable double cover of X. If G is pointwise almost periodic (resp.
R-closed), then so is the induced action on X˜ from G.
Proof. Let G be a pointwise almost periodic group-action on a non-orientable com-
pact manifold X and p : X˜ → X the double covering map. For a point x ∈ X ,
put {x+, x−} := p−1(x). For A ⊆ X , we have p−1(A) = {x+, x− | x ∈ A} and so
p−1(A) = p−1(A) = {x+, x− | x ∈ A}. We show that the orbit closures Ox+ and
Ox− for any point x ∈ X are the orbit classes with either Oˆx+ = Oˆx− = p−1(Oˆx) or
Oˆx+ ⊔ Oˆx− = p−1(Oˆx). Indeed, since Ox = p(Ox+) = p(Ox−), we have p−1(Ox) =
Ox+∪Ox− . ThereforeOx+∪Ox− ⊆ p−1(Ox) = p−1(Ox) = Ox+ ∪Ox− = Ox+∪Ox− .
Since Oˆx = Ox, we have Oˆx+ ∪ Oˆx− ⊆ p−1(Oˆx) = Ox+ ∪Ox− . For any y ∈ Ox+ we
obtain p(y) ∈ Oˆx and so {x+, x−} ∩ Oy 6= ∅. The symmetry of x− and x+ implies
that {y−} := p−1(p(y)) − {y} ⊆ Ox− . Suppose that there is a point y ∈ Ox+ such
that x− ∈ Oy . Then x+ ∈ Oy− ⊆ Ox− ⊆ Oy. This means x+ ∈ Oy. Therefore
Ox− = Oy = Ox+ and so Oˆx+ = Ox+ . Then Oˆx− = Oˆx+ = p
−1(Oˆx). Thus we may
assume that x− /∈ Oy for any y ∈ Ox+ . Then x+ ∈ Oy and so x− /∈ Oy = Ox+ . This
implies Ox+ ∩Ox− = ∅. In particular, we have Oˆx+ ∩Ox− = ∅ and Oˆx− ∩Ox+ = ∅.
For any z+ ∈ Ox+ , since Oˆp(z+) = Oˆx = Ox andOz+∩Ox− = ∅, we obtain Oˆz = Oˆx+
and so Ox+ = Oˆx+ . The symmetry of x+ and x− implies that Ox− = Oˆx− and so
Oˆx+ ⊔ Oˆx− = p−1(Oˆx). Thus G is pointwise almost periodic.
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Suppose that G is R-closed. By Lemma 3.4, it suffices to show that X˜/FˆG
is Hausdorff. Indeed, fix any orbit classes Oˆ 6= Oˆ′ ⊆ X˜ of G. Suppose that
p(Oˆ) 6= p(Oˆ′). The R-closedness onX implies that there are disjoint open saturated
neighborhoods U,U ′ of p(Oˆ), p(Oˆ′) respectively. Then the inverse images p−1(U)
and p−1(U ′) are disjoint saturated neighborhoods of Oˆ and Oˆ′ respectively. Suppose
that p(Oˆ) = p(Oˆ′). Put Ox := p(Oˆ) = p(Oˆ
′), Oˆx+ := Oˆ, and Oˆx− := Oˆ
′. Fix
a Riemann metric d on X . Let d˜ be the induced metric of d on X˜ and D :=
d˜(Oˆx− , Oˆx+). For a subset A, we denote by Bε(A) the open ε-neighborhood of
A. Fix a small positive number ε < D/3 such that the restriction p|Bε(x˜) for
each point x˜ ∈ X˜ is an embedding. Then p(Bε(Oˆx−)) = p(Bε(Oˆx+)) = Bε(Oˆx)
and Bε(Oˆx−) ∩ Bε(Oˆx+) = ∅. The R-closedness on X implies that there is a FˆG-
saturated neighborhood U ⊂ Bε(Oˆx) of Oˆx. We may assume that each connected
component of U intersects Oˆx, by replacing U with the resulting subset from U by
removing connected components of U each of which does not intersect Oˆx. Write
U+ := p
−1(U)∩Bε(Oˆx+) and U− := p−1(U)∩Bε(Oˆx−). Then p−1(U) = U+ ⊔U−.
Fix any point y ∈ U+. Then there is a path γ ⊂ U+ from y to a point in Ox+ .
Since p−1(U) = U+ ⊔ U−, the path g(γ) for each g ∈ G is also a path in U+ from
g(y) to a point in Ox+ . This means that U+ is saturated. By the symmetry, the
neighborhoods U+ and U− of Oˆ and Oˆ
′ respectively are disjoint saturated. 
6. Minimal sets of R-closed surface homeomorphisms
Recall that a minimal set C on a surface homeomorphism f : S → S is an exten-
sion of a Cantor set (resp. a periodic orbit) if there are a homeomorphism g : S → S
and a semi-conjugacy p : S → S with p ◦ f = g ◦ p such that p is homotopic to the
identity and p(C) is a Cantor set (resp. a periodic orbit) which is a minimal set of
g. By a continuum we mean a compact connected metrizable space which is not a
singleton. A continuum C of a topological space X is said to be annular if it has a
neighborhood U ⊂ X homeomorphic to an open annulus
S1 × (0, 1) such that U − C has exactly two components each of which is homeo-
morphic to an open annulus. We call such U an annular neighborhood of C. We
show the invariance of Cantor sets.
Lemma 6.1. Let f : X → X (resp. g : Y → Y ) be a homeomorphism on a locally
connected compact Hausdorff space X (resp. Y ), F(resp. G) the decomposition
of orbits of f (resp. g), h : X → Y a semi-conjugacy from F to G, and x ∈ X.
Suppose f is pointwise almost periodic and each inverse image of h is finite. If
Oˆg(h(x)) is a Cantor set, then so is Oˆf (x).
Proof. Recall that a compact subset in a metrizable space is a Cantor set if and
only if it is totally disconnected and perfect. By Proposition 5.5, g is also pointwise
almost periodic. By Lemma 5.2, we have Oˆg(h(x)) = h(Oˆf (x)). Since Oˆg(h(x)) =
h(Oˆf (x)) is a Cantor set, the minimal set Oˆf (x) has infinitely many points and so
is not a periodic orbit. This implies that the minimal set Oˆf (x) has no isolated
points. This implies that it is perfect. Assume that there is a non-degenerate
connected component C of Oˆf (x). Since h(C) ⊂ Oˆg(h(x)) is also connected and
so a singleton and h−1(h(C)) is finite, we have that C is finite and so degenerate,
which contradict to the definition of C. Thus Oˆf (x) is a Cantor set. 
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Lemma 6.2. Let f : X → X be a pointwise almost periodic homeomorphism on a
locally connected compact Hausdorff space X and x ∈ X. If Oˆf (x) is a Cantor set,
then so is OˆfN (x) for any positive number N .
Proof. Fix a positive iteration g := fN . Since Oˆg(x) ⊆ Oˆf (x), we have that Oˆg(x)
is totally disconnected. Assume Oˆg(x) is not perfect. Then there is an isolated
point in Oˆg(x). This implies that Oˆg(x) is periodic and so Oˆf (x) is periodic, which
contradicts that Oˆf (x) is a Cantor set. 
We show the connectivity of minimal sets are invariant under iterations.
Lemma 6.3. Let G be a group-action on a locally compact Hausdorff space X, H
a finite index subgroup, and x ∈ X. Suppose that G is pointwise almost periodic.
If G(x) is connected, then G(x) = H(x).
Proof. By Theorem 2.24 [17], the subgroup H is also pointwise almost periodic.
Assume that G(x) 6= H(x). Let K be a finite subset of G such that G = H⊔(K ·H).
Put K ′ := {k ∈ K | H(x) ∩ k · H(x) = ∅}. Since H is of finite index, the orbit
closure G(x) = K · (H · x) = K ·H(x) = H(x)⊔ (K ′ ·H(x)) is disconnected, which
contradicts to the connectivity of it. 
Now we show the following tool.
Lemma 6.4. Let f : S → S be an R-closed homeomorphism on a compact surface
S. Then f has no minimal set which is an extension of a Cantor set.
Proof. Suppose that there is a minimal set M of f which is an extension of a
Cantor set. Taking the double of S, by Proposition 5.5, we may assume that S is
closed and orientable. By the definition of an extension of a Cantor set, there are a
surface homeomorphism g : S → S, a semi-conjugacy p : S → S from f to g, and a
Cantor minimal set C := p(M) of g. It suffices to show the non-existence of such a
minimal set C. By Corollary 5.4, we obtain that g is an R-closed homeomorphism
with a Cantor minimal set C on a closed orientable surface S. Since a Cantor set
is zero-dimensional, there is a basis of C consisting of closed and open subsets. We
show that, for a point x ∈ C, there is an open disk Ux which is a neighborhood
of x and whose boundary ∂Ux does not intersect C, where ∂Ux := Ux − intUx.
Indeed, fix a small open ball U0 centered at x. Since there is a basis of C consisting
of closed and open subsets, there is an open neighborhoods U1 ⊆ U0 such that
C ∩ ∂U1 = ∅. Define the filling FillU0(U1) of U1 in U0 as follows: y ∈ FillU0(U1) if
there is a simple closed curve in U1 which bounds an open disk in U0 containing
x. Then the filling Ux := FillU0(U1) is a desired open disk containing x such that
C ∩ ∂Ux = ∅. The compactness of C implies that there are finitely many points
x1, . . . , xk ∈ C with C ⊂
⋃k
i=1 Uxi. Let Dxi := Satg(∂Uxi) be the saturation of the
boundary of Uxi and D :=
⋃k
i=1Dxi . By the R-closedness of g, the saturation D
is closed such that D ∩ C = ∅. Since X is normal, there are an open neighborhood
U2 ⊆
⋃k
i=1 Uxi ∩ g(
⋃k
i=1 Uxi) (resp. V2) of C (resp. D) with U2 ∩ V2 = ∅ and
V2 =
⋃k
i=1 Vxi such that Vxi is an annular neighborhood of ∂Uxi and each Uxi \Vxi
is a closed disk. Notice that each connected component of U2 is contained in some
closed disk Uxi \ Vxi and so contractible in Uxi \ Vxi . By the R-closedness of
g, there is an open saturated neighborhood U ⊆ U2 of C. Then each connected
component of U is contained and contractible in some closed disk Uxi \ Vxi
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any point x ∈ C. Let W be the connected component of U containing x and
Bx := Uxl \Vxl the closed disk containingW for some l = 1, . . . , k. Since C∩D = ∅,
the connected component W is the connected component of Bx ∩
⋃
n∈Z g
n(W )
containing x. Define the first return map G :W →W by G(y) := gN(y)(y) for any
y ∈ W , where N(y) := min{n ∈ Z>0 | gn(y) ∈ W}. The connectivity of W implies
that N(y) is a constant N(W ) > 0, and that g±N(W )(W ) ⊆ W . This means that
G(W ) = gN(W )(W ) =W and so that G is a homeomorphism. Taking an iteration
of G, we may assume that G maps the outer boundary ∂(FillBx(W )) of W into
itself.
Note that x ∈ W ⊂ Bx. Since U is saturated, the image Gn(γ) for a sim-
ple closed curve γ in W and for n ∈ Z is a simple closed curve which is the
boundary of an open disk in Bx. By the construction of FillBx(W ), we can ex-
tend G into a mapping G : FillBx(W ) → FillBx(W ). Since the original g is R-
closed and homeomorphic, by Theorem 4.2, so is the iteration G. By Lemma 3.4,
FillBx(W )/Gˆ
∼= SatG(FillBx(W ))/Gˆ is Hausdorff. The R-closedness of g implies
that the boundary ∂(SatG(FillBx(W ))) ⊆ ∂(SatG(W )) ⊆ ∂U is a saturated closed
subset. By the one point compactification S of FillBx(W ), the normality of M im-
ply that S is homeomorphic to FillBx(W )/ ∼∂ and that the orbit class space of the
induced homeomorphism on the sphere S by G is Hausdorff, where the equivalent
relation ∼∂ is defined as follows: x ∼∂ y if either x = y or {x, y} ⊆ ∂(FillBx(W )).
By Lemma 3.4, the resulting homeomorphism is an R-closed homeomorphism on
a sphere with a Cantor minimal set. This contradicts to Corollary 2.6 [41]. Thus
there are no Cantor minimal sets. 
Recall that a homeomorphism f : X → X is periodic if there is a positive integer
n such that fn is identical. We say a subset C ⊂ X is a circloid if it is an annular
continuum and does not contain any strictly smaller annular continuum as a subset.
The combination of Lemma 6.4 and Theorem 3.2 [41] implies the following result.
Theorem 6.5. Each R-closed toral homeomorphism f satisfies one of the following:
1. f is minimal.
2. f is periodic.
3. Each minimal set is a finite disjoint union of essential circloids.
We show that an R-closed homeomorphism on a hyperbolic compact surface is
periodic.
Theorem 6.6. Each homeomorphism on a connected compact surface S whose
Euler number is negative is periodic if and only if it is R-closed.
Proof. Let f be a homeomorphism on a compact surface S whose Euler number
is negative. Suppose that f is periodic. Since the orbit class space of a periodic
homeomorphism on a compact manifold is Hausdorff, the homeomorphism f is
R-closed. Conversely, suppose that f is R-closed. Taking the double of S, by
Proposition 5.5, we may assume that S is closed and orientable and the Euler
number of S is negative. Then the genus of S is at least two. By Lemma 6.4, there
is no minimal set which is an extension of a Cantor set. By Theorem 3.1 [41], we
have that f is pointwise periodic. By Theorem [24], each pointwise periodic surface
homeomorphism is periodic and so is f . 
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7. Toral minimal sets
Recall that a flow is trivial if it is identical or minimal. For a flow v on a 3-
manifold, a minimal setM of v is called a suspension of a circloid for v if there are
an open annulus A transverse to v and a circloid C in A whose saturation Satv(C) is
M with C =M∩A. We obtain the following statements for flows on 3-manifolds.
Lemma 7.1. Let v be an R-closed flow on a connected compact 3-manifold M .
Then the union U of suspensions of circloids is open and the quotient space U/vˆ is
a 1-manifold.
Proof. Let A be an open annulus transverse to v and C ⊂ A a circloid whose
saturation is a suspension M of a circloid with C = M ∩ A and M ∩ ∂A = ∅.
Then M∩ Sing(v) = ∅. Since M is Fˆv-saturated and connected, there are small
connected neighbourhoods U1, U2 ⊆ Satv(A) of M with U1, U2 ⊆ Satv(A) such
that Ui ∩ A are connected and the first return map fv : U1 ∩ A → U2 ∩ A is well-
defined. Note ∂Ui ∩ M = ∅. Since v is R-closed and so Fˆv is usc, there is an
Fˆv-saturated connected open neighbourhood V ⊆ U1 ∩ U2 of M. We show that
there is an Fˆv-saturated open connected neighbourhood W ⊆ V of M such that
the first return map fWA := fv| : WA → WA is well-defined and homeomorphic,
where WA := W ∩ A. Indeed, for a point x ∈ C, there is a small open connected
neighborhood Wx ⊆ V ∩A of x ∈ C such that the first return time map tx :Wx →
R>0 with fv(y) = v(tx(y), y) ∈ V ∩ A for any y ∈ Wx is continuous. Since C is
compact, there are finitely many points x1, . . . , xn ∈ C such that C ⊂
⋃n
i=1Wxi .
Then WC :=
⋃n
i=1Wxi ∩ (
⋃n
i=1 fv(Wxi)) is an open neighborhood of C. Moreover
the first return time map tC : WC → R>0 is well-defined and continuous. Since v
is R-closed, there is an Fˆv-saturated open neighbourhood W ⊆ {v([0, tC(y)], y) |
y ∈ WC} of M. Put WA := W ∩ A ⊆ WC . Then WA ⊂ U1 ∩ U2 ∩ A. Since
W is Fˆv-saturated, we have fv(WA) ⊆ WA and f−1v (WA) ⊆ WA. This means
fv(WA) = WA and so fv| : WA → WA is a homeomorphism. Replacing WA with
the Fˆv-saturation Fˆv(U) of an open annular neighborhood U ⊆ WA of the fv-
minimal set C, we may assume that WA is connected. Let B be the union of the
connected components of A−WA which are contractible in A. Then it suffices to
show thatB∪WA is an open annulus and Satv(B∪WA) is an Fˆv-saturated connected
open neighbourhood ofM which consists of suspensions of circloids. Indeed, define
an open annulus FillA(WA) as follows: p ∈ FillA(WA) if there is a simple closed
curve in WA which bounds a disk in A containing p ∈ A. Since each point of B
is bounded by a simple closed curve in WA, we have that B ⊔WA = FillA(WA)
and f ′ := fv| : FillA(WA)→ FillA(WA) is a homeomorphism. Since C is a circloid
and A is the annular neighbourhood, we obtain that FillA(WA) is an open annulus.
Since v is R-closed, we have that M/vˆ is Hausdorff and so is FillA(WA)/Fˆf ′ . By
the two point compactification of FillA(WA), we obtain the resulting sphere S
and the resulting homeomorphism fS with the two periodic points which are the
added new points. By the construction, S/FˆfS is the two point compactification
of FillA(WA)/Fˆf ′ . Replacing f ′ with f ′2 if necessary, we may assume that the
added new points are fixed points. Since A∩ ∂(SatF(FillA(WA))) = ∂(FillA(WA)),
we have SatF (∂(FillA(WA))) ⊆ ∂(SatF(FillA(WA))). Then SatF (∂(FillA(WA))) =
∂(SatF(FillA(WA))). Indeed, otherwise there is a point x ∈ ∂(SatF (FillA(WA)))−
SatF(∂(FillA(WA))). Since SatF (∂(FillA(WA))) is compact, there are finitely many
points x1, . . . , xk ∈ SatF(∂(FillA(WA))) and their Fˆv-saturated neighborhoods Ui
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of xi such that SatF(∂(FillA(WA))) ⊂
⋃k
i=1 Ui and x /∈ Ui. Then SatF (FillA(WA))∪⋃k
i=1 Ui is a closed Fˆv-saturated neighborhood of SatF (FillA(WA)) which does not
intersect x. This implies that x /∈ SatF(FillA(WA)), which contradicts to the choice
of x. Since M is normal, the R-closedness of v implies that S/FˆfS is Hausdorff and
so fS is R-closed. By Corollary 2.6 [41], we obtain that S consists of two fixed points
and circloids. Then the open neighbourhood Satv(B⊔WA) = Satv(FillA(WA)) ofM
consists of suspensions of circloids. Therefore the union of suspensions of circloids
are open. 
By dimension, we mean Lebesgue covering dimension. By Urysohn’s theorem,
the Lebesgue covering dimension and the small inductive dimension are corre-
sponded in normal spaces. A compact metric space X whose inductive dimension
is n > 0 is an n-dimensional Cantor manifold if the complement X − L for any
closed subset L of X whose inductive dimension is less than n−1 is connected. It’s
known that a compact connected manifold is a Cantor-manifold [21, 33].
Lemma 7.2. Let M be a connected compact manifold, F an R-closed decomposi-
tion on M , and U ⊆ M non-empty open saturated subset. If the codimension of
SatF(∂U) is more than one, then U =M .
Proof. The R-closedness implies that SatF(∂U) is closed. Fix a metric d on M .
Since a compact connected manifold is a Cantor manifold, we have that M −
SatF(∂U) is connected. Since U = U \ SatF(∂U) is closed and open in M −
SatF(∂U), the connectivity of M − SatF (∂U) implies that M = U ⊔ SatF(∂U).
Since the codimension of SatF (∂U) is more than one, we have U ∩ Bε(x) 6= ∅ for
any x ∈ SatF (∂U) and any ε > 0. Therefore SatF(∂U) ⊂ U and so U =M . 
Recall that a minimal set is trivial if it is either a closed orbit or the whole
manifold.
Lemma 7.3. Let v be an R-closed flow on a connected compact 3-manifold M .
Suppose that each two dimensional minimal set is a suspension of a circloid. If
there is a suspension of a circloid, then the orbit class space M/vˆ of M is a closed
interval or a circle such that there are at most two orbits each of which is not
suspension of a circloid.
Proof. By Lemma 7.1, the union U of suspensions of circloids is open and the
quotient space of it is a 1-manifold. The Hausdorff property of M/vˆ implies that
U/vˆ is either a closed interval or a circle. The R-closedness implies that ∂U consists
of at most two orbit closures each of whose dimension of ∂U is at most one. By
Lemma 7.2, we have that U =M and so thatM/vˆ is a closed interval or a circle. 
The following statement is obtained by the similar argument as the proof of
Lemma 6.4.
Lemma 7.4. Let v be an R-closed flow on a connected compact 3-manifold M .
Each one dimensional minimal set is a periodic orbit.
Proof. Suppose that there is a one-dimensional minimal set M which is not a
periodic orbit. Since M ∩ Sing(v) = ∅, there is a neighborhood of M. By the
R-closedness of v, there is an open saturated neighborhood U ofM without singu-
larities. Since a locally compact Hausdorff space is zero-dimensional if and only if
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it is totally disconnected, each nonempty zero-dimensional perfect compact metriz-
able space is homeomorphic to the Cantor set. This implies that the minimal set
M is transversally a Cantor set. In fact, there is a transverse open disk T ⊂ U to
v such that C := T ∩M is a Cantor set. Then we may assume that ∂T ∩M = ∅.
Indeed, since a Cantor set has a basis consisting of open and closed subsets, for
any point x ∈ C, there is an open disk Vx ⊆ T containing x with C ∩ ∂Vx = ∅.
The compactness of C implies that there are finitely many points x1, . . . , xk ∈ C
such that the filling of the union
⋃k
i=1 Vxi is an open disk whose boundary does
not intersect C and which contains C. Replacing T with the filling, we are done.
Taking Vx for any point x ∈ C small, we may assume that the first return time
map tx : Vx → R>0 with v(tx(y), y) ∈ T for any y ∈ Vx is continuous. Since
D := Satv(
⋃k
i=1 ∂Vxi) is closed and disjoint from M, there are disjoint open con-
nected saturated neighborhoods UM ⊆
⋃k
i=1{v([0, txi(y)], y) | y ∈ Vxi} (resp. UD)
ofM (resp. D). Then UM ⊆ Satv(
⋃k
i=1 Vxi) and T ∩UM ⊆
⋃k
i=1 Vxi . Let V ⊂ Vx1
be the connected component of
⋃k
i=1 Vxi ∩UM = T ∩UM containing x1 ∈ C. Since
V ⊂ UM, we have Satv(V ) ∩ UD = ∅ and so V ∩ D = ∅. Since ∂Vx1 ⊆ D, we
obtain V ∩ ∂Vx1 = ∅. The inclusion V ⊂ Vx1 implies x1 ∈ V ⊂ Vx1 ⊆ T . For each
i = 1, . . . , k and x ∈ V ∩Vxi , there is some j = 1, . . . , k such that v(txi(x), x) ∈ Vxj .
Then the first return map G : V → V is well-defined and a continuous injec-
tion. Since UM is saturated and V ⊂ Vx1 is the connected component of T ∩ UM
containing x1, we have that G(V ) is also the connected component of T ∩ UM
containing x1 and that G(V ) = V . This implies that G is a homeomorphism. De-
fine a disk FillVx1 (V ) ⊆ Vx1 as follows: p ∈ FillVx1 (V ) if there is a simple closed
curve in V which bounds a disk in Vx1 containing p. Replacing G with G
2 if nec-
essary, by the construction of FillVx1 (V ), we can extend G into a homeomorphism
G : FillVx1 (V ) → FillVx1 (V ). By Lemma 3.4, the mapping G is a homeomorphism
on an open disk FillVx1 (V ) such that FillVx1 (V )/Gˆ is Hausdorff. The R-closedness
of v implies that ∂(Satv(FillVx1 (V ))) ⊆ ∂(Satv(V )) = ∂UM is a saturated closed
subset of v. By the one point compactification of FillVx1 (V ), the resulting space
S := (FillVx1 (V )) ⊔ {∞} is a sphere and the orbit class space S/Gˆ is Hausdorff.
Then Lemma 3.4 and the normality of M imply that the resulting homeomorphism
from G is an R-closed homeomorphism on the sphere S with a Cantor minimal set.
This contradicts to Corollary2.6 [41]. Thus each one dimensional minimal set is a
periodic orbit. 
By surfaces with conners, we mean two dimensional manifolds locally modeled
by [0, 1]2.
Lemma 7.5. Let v be an R-closed flow on a connected compact 3-manifold M .
Suppose that each two dimensional minimal set is a suspension of a circloid. If
there are at least three distinct periodic orbits, then Per(v) is open dense and M =
Sing(v) ⊔ Per(v).
Proof. If there is a three dimensional minimal set, then the R-closedness implies
that it has no boundaries and so equals M . Thus there are no three dimensional
minimal sets. Let p : M → M/vˆ be the canonical projection. By Lemma 7.3,
there are no two dimensional orbits closures. Since locally connected zero (resp.
one) dimensional minimal sets are singular (resp. periodic) orbits, we have M =
Sing(v)⊔Per(v). Since Sing(v) is closed, we have that Per(v) is open. By Theorem
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3.12 [6], the quotient space of Per(v) is a surface with conner. SinceM/vˆ is compact
Hausdorff, the dimension of ∂(p(Per(v))) is at most one. Since ∂(p(Per(v))) consists
of singularities, we obtain that the dimension of ∂(Per(v)) is at most one. By
Lemma 7.2, we obtain Per(v) =M . 
Now, we state the following trichotomy that an nontrivial R-closed flow on a
3-manifold is either “almost two dimensional” or “almost one dimensional” or with
“complicated” minimal sets.
Theorem 7.6. Let v be an nontrivial R-closed flow on a connected compact 3-
manifold M . Then one of the following holds:
1) The orbit class space M/vˆ of M is a closed interval or a circle and each interior
point of the orbit class is two dimensional.
2) Per(v) is open dense and M = Sing(v) ⊔ Per(v).
3) There is a two dimensional minimal set which is not a suspension of a circloid.
Proof. Suppose that each two dimensional minimal set is a suspension of a circloid.
Since v is nontrivial, there is a nontrivial minimal set M. If the minimal set M is
two dimensional, then Lemma 7.3 implies 1). Thus we may assume that there are
no two dimensional minimal sets. By Lemma 7.4, each one dimensional minimal
set is a periodic orbit and so M is a periodic orbit. By the flow box theorem,
this has a neighbourhood without singularities. Since there are no two dimensional
minimal sets, there are infinitely many periodic orbits. By Lemma 7.5, we have
that 2) holds. 
Non-trivial R-closed flows on a connected compact 3-manifolds consisting of
closed orbits are of type 2). The suspensions of diffeomorphisms which are irrational
rotations with respect to an axis on S2 or T2 are of type 1) in the above propo-
sition. Moreover there are homeomorphisms of type 1) with minimal sets which
are not circles but circloids. In fact, recall that there is the Remage’s R-closed
homeomorphism in Example 1 [28] (resp. Herman’s C∞ diffeomorphism [19]) on
S2. Moreover each of them can be modified into a toral R-closed homeomorphism
with pseudo-circles (resp. C∞ diffeomorphism with non locally connected continua)
as minimal sets [41]. Using R-closed diffeomorphisms on annuli with minimal sets
which are circloids but neither circles nor pseudo-circles [39, 25], one can construct
R-closed diffeomorphisms with such a minimal set on S2 and T2. Then the sus-
pensions of such diffeomorphisms are also of type 1). The author would like to
know whether there are R-closed flows on a connected compact 3-manifolds with
nontrivial minimal sets which are not suspensions of circloids.
8. Applications to codimension-one-like or codimension-two-like
decompositions
First, we consider the codimension one case.
Lemma 8.1. Let F be an R-closed decomposition on a compact connected manifold
M without codimension zero element classes and U a connected component of the
union of codimension one elements of Fˆ . If U is non-empty and open such that
each element of Fˆ in U is a closed connected submanifold, then M/Fˆ is a closed
interval or a circle.
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Figure 1. An R-closed decomposition on a closed orientable sur-
face with genus 2 whose class space is a figure eight curve.
Proof. By Lemma 3.4, we have that M/Fˆ is Hausdorff. Let U be the above open
connected component and p : M → M/Fˆ the canonical projection. By Theorem
3.3 [4], we have that p(U) is a 1-manifold. Suppose p(U) is a circle or a closed
interval. Then the connectivity of M implies U = M . Suppose that U is an
interval which is not closed. Since M/Fˆ is Hausdorff, each convergence sequence
has one limit and so the codimension of ∂p(U) = U − intU = U − U is more than
one. Lemma 7.2 implies that U =M . The definition of U implies that the closure
p(U) = p(M) =M/Fˆ is a closed interval. 
The codimension zero condition is necessary, because there are R-closed de-
compositions on compact connected surfaces. Indeed, let D be a compact three-
punctured disk with a decomposition FD := {D} and A = S1 × (0, 1) an open
annulus with a decomposition FA := {S1 × {y} | y ∈ (0, 1)}. Gluing D and two
copies of A, we obtain a closed surface S of genus 2 and the induced decomposition
F consists of D and essential circles such that the quotient space S/Fˆ is neither an
interval nor a circle but a graph which is a figure eight curve (see Figure 1).
Recall that each continuous codimension one compact foliation on a compact
manifold is R-closed. Hence the following corollary is a generalization of a fact
that the leaf (class) space of a continuous codimension one compact foliation of a
compact manifold is a closed interval or a circle.
Corollary 8.2. Let F be an R-closed foliation on a compact manifold M . If there
is a compact Fˆ-saturated subset C whose codimension is more than one such that
all leaf closures of F in M −C are codimension one closed connected submanifolds,
then M/Fˆ is either a closed interval or a circle.
Applying Lemma 8.1 to the group-action cases, we obtain a following statement.
Lemma 8.3. Let G be an R-closed group-action on a compact connected manifold
M , H a finite index subgroup of G, and U a connected component of the union of
orbit closures of H which are codimension one. If U is non-empty and open such
that each orbit closure of H in U is a closed connected submanifold, then M/FˆG
is a closed interval or a circle such that there are at most two elements whose
codimensions are more than one.
Proof. By Theorem 4.2, we have that H is also R-closed. Put Fˆ := FˆH . Since G is
a non-minimal group-action, there are no codimension zero minimal sets. Applying
Lemma 8.1, the class space U/Fˆ is either a circle or a closed interval. Since Fˆ = FˆH
consists of orbit closures, the boundary ∂U also consists of orbit closures whose
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codimension are more than one. By Lemma 7.2, we obtain that U = M and so
that ∂U consists of at most two elements of Fˆ . Hence M/Fˆ is either a circle
or a closed interval and there are at most two elements whose codimensions are
more than one. Since G/H is a finite group acting M/Fˆ and since a finite union
of closures is a closure of finite union, we have that M/FˆG = (M/FˆH)/(G/H) is
either a closed interval or a circle and that there are at most two elements whose
codimensions are more than one. 
This lemma implies the following application.
Proposition 8.4. Let G be an R-closed group-action on a compact connected man-
ifold M and H a finite index subgroup of G. Suppose that all but finitely many orbit
closures of H are codimension one closed connected submanifolds. If the codimen-
sion of each of finite exceptions is not one, then M/FˆG is a closed interval or a
circle.
Proof. Let Oˆ1, . . . , Oˆk be the finite exceptions and U := M −
⋃k
i=1 Oˆi. Then U is
the union of orbit closures ofH which are codimension one connected submanifolds,
and is an open saturated submanifold. If there is a codimension zero minimal set,
then the R-closedness implies that it has no boundaries and so equals M , which
contradicts to the non-triviality. Thus there are no codimension zero minimal sets
and so the codimension of each Oˆi is at least two. By lemma 8.3, we are done. 
Second, we consider the codimension two case. Consider the direct system {Ka}
of compact subsets of a topological space X and inclusion maps such that the
interiors of Ka cover X . There is a corresponding inverse system {pi0(X − Ka)},
where pi0(Y ) denotes the set of connected components of a space Y . Then the set
of ends of X is defined to be the inverse limit of this inverse system.
Lemma 8.5. Let F be an R-closed decomposition on a compact manifold M . Sup-
pose that all but finitely many element closures of F are codimension two closed
connected submanifolds. If each of finite exceptions is connected and has codimen-
sion at least three, then M/Fˆ is a surface with conners.
Proof. Let L1, . . . , Lk be all higher codimension elements of Fˆ . Removing higher
codimensional elements and M ′ be the resulting manifold, Fˆ ′ the resulting decom-
position ofM ′. Then Fˆ ′ consists of codimension two closed connected submanifolds
and is usc. By Theorem 3.12 [6], we have that M ′/Fˆ ′ is a surface S′ with con-
ners. Then (M/Fˆ) − {L1, . . . , Lk} ∼= M ′/Fˆ ′ = S′. We will show that S′ has k
ends. Indeed, since the exceptions Li are finite and connected, there are pairwise
disjoint neighbourhoods Ui of them. Since Fˆ is usc, there are pairwise disjoint
saturated neighbourhoods Vi ⊆ Ui of them. Since Wi − Li is connected for any
connected neighbourhoods Wi of Li, each end of S
′ is corresponded to some Li.
This shows that S′ has k ends corresponding to {L1, . . . , Lk}. Therefore M/Fˆ is
an end compactification of M ′/Fˆ ′ and so a surface S with conners. 
Recall that each continuous codimension two compact foliation on a compact
manifold is R-closed. Hence the following corollary is a generalization of the fact
that the leaf (class) space of a continuous codimension two compact foliation of a
compact manifold is a compact orbifold.
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Corollary 8.6. The leaf class space of a codimension-two-like R-closed foliation
on a compact manifold is a surface with conners.
Applying the previous lemma to the group-action cases, we have a following
statement.
Lemma 8.7. Let G be an R-closed group-action on a compact manifold M and
H a finite index subgroup of G. If H is codimension-two-like, then the orbit class
space M/FˆG is a surface with conners.
Proof. By Theorem 4.2, we have that H is also R-closed. Applying Lemma 8.5,
M/FˆH is a surface with conners. Since G/H implies a finite group-action on S
and since any finite union of closures is the closure of finite union, we obtain that
M/FˆG ∼= (M/FˆH)/(G/H) is a surface with conners. 
Summarizing Corollary 8.2 and 8.6, we obtain a following statement for foliations.
Theorem 8.8. Let F be an R-closed foliation on a compact connected manifold
M and k = 2 (resp. k = 1). If F is codimension-k-like, then the leaf class space
M/Fˆ is a surface with conners (resp. a closed interval or a circle).
Similarly, Lemma 8.7 and Proposition 8.4 imply the following statement for
group-actions.
Theorem 8.9. Let G be an R-closed group-action on a compact connected manifold
M , H a finite index subgroup of G, and k = 2 (resp. k = 1). If G is codimension-
k-like, then M/FˆG is a surface with conners (resp. a closed interval or a circle).
9. Examples
We states several examples as follows.
9.1. Codimension-one-like non-R-closed cases. A Denjoy foliation on a torus
is codimension-one-like but not R-closed. Moreover a Morse-Smale diffeomorphism
on a closed n-manifold is codimension-n-like but not R-closed.
9.2. Codimension-one-like (non-)R-closed flows on surfaces. A spherical
flow which is a non-trivial rotation with respect to an axis is codimension-one-like
and R-closed, and so the orbit class space is a closed interval. Moreover, there are
codimension-one-like R-closed spherical homeomorphisms (resp. diffeomorphisms)
with minimal sets which are not circles but circloids [28, 39] (resp. [19, 25]). On
the other hand, a toral flow v defined by vt(x, y) = (x + t sin(2piy), y) ∈ (R/Z)2 is
not R-closed.
9.3. Codimension-one-like (non-)R-closed flows on 3-manifolds. For an ir-
rational number α ∈ R−Q, the suspension of a spherical diffeomorphism f defined
by f(
√
1− z2 cos θ,√1− z2 sin θ, z) := (√1− z2 cos(θ+α),√1− z2 sin(θ+α), z) ∈
S2 (i.e. an irrational rotation with respect to the z-axis) is a codimension-one-like
R-closed flow on S2 × S1 and so the orbit class space is a closed interval, where
S2 := {(x, y, z) ∈ R3 | x2 + y2 + z2 = 1}. Contrary, the suspension of a peri-
odic spherical diffeomorphism (e.g. a rational rotation) is a codimension-two-like
R-closed flow on S2 × S1, and the Hopf fibration on S3 is a codimension-two-like
R-closed foliation whose class space is a sphere. Moreover each Seifert fibration is
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a codimension-two-like R-closed foliation. Note that (the suspension of) a spher-
ical diffeomorphism f : S2 → S2 defined by f(√1− z2 cos θ,√1− z2 sin θ, z) :=
(
√
1− z2 cos(θ + z),√1− z2 sin(θ + z), z) is pointwise almost periodic but not R-
closed.
9.4. Codimension-two-like R-closed cases. Recall that the topological suspen-
sion SX of a topological spaceX is the quotient space defined by SX := (X × I)/ ∼,
where (x1, s1) ∼ (x2, s2) if s1 = s2 ∈ {0, 1}. Since S3 is a topological suspension of
S2, the induced homeomorphism Sf (i.e. Sf([x, s]) := [f(x), s]) on the topological
suspension S3 = SS2 of a codimension-one-like R-closed spherical homeomorphism
f is codimension-two-like and R-closed, and the class space is either a sphere or a
closed disk with two corners.
10. Remarks
Finally, we state two remarks.
Remark 1. There are pairs of flows on a closed manifolds which are not topological
equivalent but whose orbit (class) spaces are homeomorphic.
Proof. Consider two minimal linear flows on the flat torus (R/Z)2 generated by
vector fields v, v′ such that g(v, ·) = [dx1 +
√
2dx2], g(v
′, ·) = [dx1 + pidx2] ∈
H1((R/Z)2,Z) respectively, where g is the induced Riemann metric. Though the
orbit spaces are indiscrete spaces with cardinalities of the continuum and the orbit
class spaces are singletons, the minimal flows are not topological equivalent because
pi is transcendental and
√
2 is algebraic. 
Remark 2. There are no codimension one R-closed foliations on S3. On the other
hand, there are codimension-one-like R-closed foliations on S3.
Proof. By the C0 Novikov Compact Leaf Theorem [So], there are no codimension
one foliations on S3 with Reeb components and so there are no codimension one R-
closed foliations on S3. Contrary, consider an irrational flow v1 on a torus T
2, which
induces a Kronecker foliation. Let v2 be a flow on T
2 × [0, 1] defined by v2(p, s) :=
(v1(p), s). Define an equivalent relation ∼ as follows: (x, y, s) ∼ (x′, y′, s′) if either
s = s′ = 0 and x = x′ or s = s′ = 1 and y = y′. Then the quotient space
(T2× [0, 1])/ ∼ is a sphere S3 such that the induced flow v has exactly two periodic
orbits [T2×{0}] and [T2 ×{1}] and each orbit class except two periodic orbits is a
torus. This means that the induced foliation Fv is a codimension-one-like R-closed
foliations on S3. 
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